Abstract. Let X be a non-empty set of positive integers and X * = X \ {1}.
Introduction
There are several graphs associated to various algebraic structures, especially finite groups, and many interesting results have been obtained recently, as for example, in [1, 5, 8, 14] .
Let X be a set of positive integers and X * = X \{1}. Mark L. Lewis in [13] introduced two graphs associate with X, the common divisor graph and the prime vertex graph. The common divisor graph Γ(X) is a graph with vertex set V (Γ(X)) = X * , (or simply a digraph) using the notion of divisibility of positive numbers. The divisibility digraph − → D (X) has X * as the vertex set and there is an arc connecting (a, b) with a, b ∈ X * whenever a divides b. It is clear that the digraph − → D (X) is not strongly connected (where by strongly connected digraph we mean a digraph such that there exists a directed path between any of two vertices). So it is important to find the number of connected components of its underlying graph. We denote the underlying graph of − → D (X) by D(X). By the diameter of a graph Ω, diam(Ω),
we mean the maximum diameter of its connected components.
For a finite group G and g ∈ G, let g G = {x −1 gx : x ∈ G} be the conjugacy class of g in G and cs(G) = {|g G | : g ∈ G} be the set of conjugacy class sizes of G. If δ is a permutation, then the cycle decomposition of δ is its expression as a product of disjoint cycles. It is interesting to investigate the properties of the prime vertex graph, the common divisor graph, the bipartite divisor graph and the divisibility graph when X = cs(G). In this case we denote Γ(cs(G)), ∆(cs(G)), B(cs(G)) and D(cs(G)) by Γ(G), ∆(G), B(G) and D(G) respectively. For properties of Γ(G), ∆(G) and B(G) we refer to [2, 3, 8, 12] .
In this paper we investigate the graph D(G) where G is the symmetric group S n or the alternating group A n . Note that two vertices a, b of this graph are adjacent if either a divides b or b divides a. Let δ ∈ S n . Suppose that there are k i cycles of length m i (1 ≤ i ≤ r) in the cycle decomposition of δ, such that m i = 1 and 
Also we denote the vertex corresponding to |g G | in D(G) by v g . Throughout the paper, p is a prime number.
In Section 2 we recall some basic lemmas and theorems which we need in the next sections. In Section 3 we will find the number of connected components of D(S n ). The main theorem of this section is Theorem 10. In Section 4 we will find the number of connected components of D(A n ). The main theorem of this section is Theorem 16.
preliminaries
In this section we recall some basic technical facts that we will use later. See [4,
Chapter 13], [7, Chapter 4] or [9, p.131 ] for proofs and details.
Lemma 2. Let δ ∈ A n , then there is an odd permutation in C Sn (δ) if and only if
Lemma 4. Let δ ∈ A n fixes at least two points. Then |C Sn (δ)| = 2|C An (δ)| and 
Proof. We prove this lemma by induction on r. Let r = 1, then
Then, without loss of generality, we may assume
Remark 8. Let G be a finite group and x ∈ G. It is clear that
Divisibility graph for S n
In this section we investigate the number of connected components of D(S n ). We will prove that D(S n ) has at most two connected components. If it is disconnected, then one of its connected components is an isolated vertex, that is, a copy of K 1 .
It is easy to see that both D(S 1 ) and D(S 2 ) are null graphs, that is, have no vertices. Also for n = 3, 4 and 5, D(S n ) has two connected components (see Figure 1 ). Proof.
First assume that p divides m j . In this case we conclude that p = m j . Hence δ is a cycle of length p which is a contradiction. Now suppose that p divides k j !. Since p is prime, we have
For the other direction, note that if δ is a cycle of length p then |C Sn (δ)| = p(n − p)!.
Theorem 10. Let 1 = δ ∈ S n and n > 6. If δ is a p-cycle where p ≥ n − 1, then v δ is an isolated vertex of D(S n ). The other vertices are in a single connected component.
Proof. First suppose that δ is a cycle of length p = n − i where i ∈ {0, 1}. Assume, to the contrary, that v δ has a neighbor, say v δ ′ , where the cycle decomposition of δ ′ is not similar to δ and |C Sn (δ ′ )| = x. Then n − i divides x, which is a contradiction by Lemma 9. Therefore in this case v δ is an isolated vertex of D(S n ).
Let v τ be the vertex of D(S n ) corresponding to an arbitrary transposition namely τ . We prove that there exists a path between other arbitrary vertices of D(S n ) and v τ by using Lemma 1 and Lemma 7. Since for every δ ∈ S n there exists a natural
So we have to consider three possible cases as follows:
Also by Lemma 7, there exists a positive integer s such that
So v δ ′ is adjacent to v τ and there is a path of length two between v δ and v τ .
(
Let δ ′ = (α β)δ, where α and β are two points fixed by δ.
and we obtain
Hence v δ is adjacent to v δ ′ . Also by Lemma 7, there exists a positive integer s such that
So there is a path of length 2 between v δ and v τ .
In this case we have the following three subcases:
Again we can conclude that |δ Sn | divides |δ ′Sn | and so v δ is adjacent to v δ ′ . Since p = 2, we have (k − 1)p < kp − 2. Therefore ((k − 1)p)! divides (kp − 2)!. Hence by this fact and Lemma 7, we can find positive integers s and s ′ such that
This means that v δ ′ is adjacent to v τ and there exists a path of length two between v δ and v τ .
2) k = 2.
Since p > 2, there exists a positive integer s such that
Thus we can conclude |δ ′Sn | divides |δ Sn |. Hence v δ is adjacent to v δ ′ . Also p ≤ n−2, so by case(ii) there is a path of length two between v δ ′ and v τ .
3) k = 1.
In this case δ is a p-cycle. So by Lemma 9, v δ is an isolated vertex.
Corollary 11. D(S n ) has at most two connected components. If it is disconnected then one of its connected components is K 1 .
Proof. We know that for n ≥ 6, at most one of n or n−1 is a prime. By Theorem 10
and Figure 1 , we obtain the result.
Divisibility graph for A n
In this section we consider the divisibility graph for the alternating group A n .
We will show that D(A n ) has at most three connected components and if it is disconnected then two of its connected components are K 1 . We denote |C An (δ)| = Figure 2 ).
In the rest of this section let n ≥ 9.
Lemma 13. Let 1 = δ ∈ A n and p ≥ n − 2. Then p divides |C An (δ)| if and only if δ is a cycle of length p, that is,
Proof. First we assume that p divides |C An (δ)|. Suppose, to the contrary, that 
Since p divides |C An (δ)| we conclude that either p divides t! or there exists j such that p divides m j or k j !. If p divides either m j or k j !, then a similar argument to the proof of Lemma 9 shows that in this case either p = m j or k j m j ≥ 2n − 4 > n, which is a contradiction. If p divides
which is a contradiction too. Now let δ be a cycle of length p. Note that p is an odd number and every cycle of length p is an even permutation. In this case |C An (δ)| = (
Before proving the main theorem of this section we shall prove two lemmas. that
Note that by Corollary 6, if 2 appears in denominator then we would have t ≤ 1, k i = 1 and m i odd for 1 ≤ i ≤ r. Since n ≥ 9, there exists i such that m i ≥ 5, so by Lemma 7, we can remove "2" from the denominator.
Thus |C An (δ)| divides |C An ((1 2 3) 
is adjacent to v (1 2 3) . Proof. Let δ ′ = (α β γ)δ, where α, β and γ are three points fixed by δ. By Corollary 6,
This implies that |C An 
So v δ ′ is adjacent to v δ ′′ . Now δ ′′ satisfies conditions of Lemma 14. Therefore there is a path of length three between v δ and v τ .
2) k > 4 and p = 2. Since δ ∈ A n , in this case we must have k ≥ 6. Let
.
So v δ ′ is adjacent to v δ ′′ . Now v δ ′′ satisfies conditions of Lemma 14. Therefore there is a path of length three between v δ and v τ .
3) k = 4 and p = 2. Let δ
This means v δ is adjacent to v δ ′ . Also let
So v δ ′ is adjacent to v δ ′′ . By Lemma 15 there is a path of length two between v δ ′′ and v τ 4) 1 < k < 4 and p = 2. In this case we have n − 2 ≤ kp ≤ 6 which is a contradiction with the assumption that n ≥ 9. By Lemma 13, together with our earlier assumption kp > n − 3, the vertex v δ is isolated.
Corollary 17. D(A n ) has at most three connected components. If it is disconnected, then two of its connected components are K 1 .
Proof. We know that for any positive integer n, at most two of the positive integers n, n − 1 and n − 2 are primes. Hence by Theorem 16 and Remark 12, we obtain the result. 
